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Abstract
In this paper, we considera smoothingkernel-
basedclassiÞcationrule and proposean algo-
rithm for optimizingtheperformanceof therule
by learningthebandwidthof thesmoothingker-
nel alongwith a data-dependentdistancemetric.
The data-dependentdistancemetric is obtained
by learninga function that embedsan arbitrary
metricspaceinto a Euclideanspacewhile mini-
mizinganupperboundontheresubstitutionesti-
mateof theerrorprobabilityof thekernelclassi-
Þcationrule. By restrictingthisembeddingfunc-
tion to areproducingkernelHilbert space,were-
ducethe problemto solving a semideÞnitepro-
gramandshow theresultingkernelclassiÞcation
rule to be a variation of the k-nearestneighbor
rule. We comparetheperformanceof thekernel
rule (using the learneddata-dependentdistance
metric) to state-of-the-artdistancemetric learn-
ing algorithms(designedfor k-nearestneighbor
classiÞcation)on somebenchmarkdatasets.The
resultsshow thattheproposedrulehaseitherbet-
teror asgoodclassiÞcationaccuracy astheother
metriclearningalgorithms.

1. Intr oduction

Parzen window methods,also called smoothingkernel
rulesarewidely usedin nonparametricdensityestimation
andfunction estimation,andarepopularlyknown asker-
nel densityand kernel regressionestimates,respectively.
In this paper, we considertheserulesfor classiÞcation.To
this end, let us considerthe binary classiÞcationproblem
of classifyingx ∈ RD, given an i.i.d. training sample
{(Xi, Yi)}n

i=1 drawn from someunknown distribution D,
whereXi ∈ RD andYi ∈ {0, 1},∀ i ∈ [n] := {1, . . . , n}.
ThekernelclassiÞcationrule (Devroye et al., 1996,Chap-
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ter10) is givenby

gn(x) =






0 if
∑n

i=1 1{Yi=0}K
(

x−Xi
h

)

≥
∑n

i=1 1{Yi=1}K
(

x−Xi
h

)

1 otherwise,
(1)

whereK : RD → R is a kernel function, which is usually
nonnegative andmonotonedecreasingalongraysstarting
from the origin. The numberh > 0 is calledthe smooth-
ing factor, or bandwidth, of thekernelfunction,whichpro-
videssomeform of distanceweighting.Wewarnthereader
not to confusethe kernel function,K, with the reproduc-
ing kernel (Sch¬olkopf & Smola,2002) of a reproducing
kernelHilbert space(RKHS), which we will denotewith
K.1 WhenK(x) = 1{‖x‖2≤1}(x) (sometimescalled the
na¬õvekernel), the rule is similar to thek-nearestneighbor
(k-NN) rule except that k is different for eachXi in the
training set. The k-NN rule classiÞeseachunlabeledex-
ampleby themajority labelamongits k-nearestneighbors
in the training set,whereasthe kernelrule with the na¬õve
kernel classiÞeseachunlabeledexampleby the majority
labelamongits neighborsthatlie within a radiusof h. De-
vroye andKrzyúzak (1989)proved that for regular kernels
(seeDevroyeetal., (1996,DeÞnition10.1)),if thesmooth-
ing parameterh → 0 suchthatnhD →∞ asn →∞, then
thekernelclassiÞcationrule is universally consistent. But,
for a particularn, asymptoticresultsprovide little guid-
ancein theselectionof h. On theotherhand,selectingthe
wrongvalueof h mayleadto verypoorerrorrates.In fact,
thecrux of every nonparametricestimationproblemis the
choiceof an appropriatesmoothingfactor. This is oneof
thequestionsthatweaddressin thispaperby proposingan
algorithmto learnanoptimalh.

The secondquestionthat we addressis learningan opti-
mal distancemetric. For x ∈ RD, K is usually a func-
tion of ‖x‖2. Somepopular kernels include the Gaus-
siankernel,K(x) = e−‖x‖

2
2 ; theCauchy kernel,K(x) =

1Unlike K, K is not requiredto be a positive deÞnitefunc-
tion. If K is a positive deÞnitefunction, then it correspondsto
a translation-invariantkernelof someRKHS deÞnedon RD. In
sucha case,theclassiÞcationrule in Eq.(1) is similar to theones
thatappearin kernelmachinesliterature.
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1/(1 + ‖x‖D+1
2 ); and the Epanechnikov kernelK(x) =

(1 − ‖x‖22)1{‖x‖2≤1}.2 SnappandVenkatesh(1998)have
shown that theÞnite-samplerisk of thek-NN rule maybe
reduced,for large valuesof n, by using a weightedEu-
clideanmetric,eventhoughtheinÞnitesamplerisk is inde-
pendentof the metric used.This hasbeenexperimentally
conÞrmedby Xing et al. (2003); Shalev-Shwartz et al.
(2004); Goldberger et al. (2005); GlobersonandRoweis
(2006);Weinbergeretal. (2006).They all assumethemet-
ric to beρ(x, y) =

√
(x− y)T ! (x− y) = ‖L (x − y)‖2

for x, y ∈ RD, where! = L T L is theweightingmatrix,
andoptimizeover ! to improve theperformanceof thek-
NN rule. Sincethekernelrule is similar to thek-NN rule,
onewould expectthatits performancecanbeimprovedby
makingK a functionof ‖Lx‖2. Anotherway to interpret
this is to Þnda lineartransformationL ∈ Rd×D sothatthe
transformeddatalie in aEuclideanmetricspace.

Someapplicationscall for naturaldistancemeasuresthat
reßecttheunderlyingstructureof thedataat hand.For ex-
ample,whencomputingthedistancebetweentwo images,
tangent distancewould be moreappropriatethanthe Eu-
clideandistance.Similarly, while computingthe distance
betweenpoints that lie on a low-dimensionalmanifold in
RD, geodesicdistanceis a morenaturaldistancemeasure
than the Euclideandistance. Most of the time, sincethe
truedistancemetric is eitherunknown or difÞcult to com-
pute,Euclideanor weightedEuclideandistanceis usedasa
surrogate.In theabsenceof prior knowledge,thedatamay
beusedto selectasuitablemetric,whichcanleadto better
classiÞcationperformance.In addition,insteadof x ∈ RD,
supposex ∈ (X , ρ), whereX is ametricspacewith ρ asits
metric. Onewould like to extendthe kernelclassiÞcation
rule to suchX . In this paper, we addresstheseissuesby
learningatransformationthatembedsthedatafromX into
aEuclideanmetricspacewhile improving theperformance
of thekernelclassiÞcationrule.

The rest of the paperis organizedas follows. In §2, we
formulatethemulti-classkernelclassiÞcationruleandpro-
poselearningatransformation,ϕ, (thatembedsthetraining
data into a Euclideanspace)and the bandwidthparame-
ter, h, by minimizing anupperboundon theresubstitution
estimateof the error probability. To achieve this, in §3,
we restrictϕ to an RKHS andderive a representationfor
it by invoking the generalizedrepresentertheorem.Since
the resultingoptimizationproblemis non-convex, in §4,
we approximateit with a semideÞniteprogramwhen K
is a na¬õve kernel. We presentexperimentalresultsin §5,
whereinwe show on benchmarkdatasetsthattheproposed
algorithm performsbetterthan k-NN and state-of-the-art
metriclearningalgorithmsdevelopedfor thek-NN rule.

2The Gaussiankernel is a positive deÞnitefunction on RD

while theEpanechnikov andna¬õvekernelsarenot.

2. ProblemFormulation

Let {(Xi, Yi)}n
i=1 denotean i.i.d. trainingsetdrawn from

someunknown distributionD whereXi ∈ (X , ρ) andYi ∈
[L], with L beingthe numberof classes.The multi-class
kernelclassiÞcationrule is givenby

gn(x) = arg max
l∈[L]

n∑

i=1

1{Yi=l}KXi,h(x), (2)

whereK : X → R+ and Kx0 ,h(x) = χ
(

ρ(x,x0 )
h

)
for

somenonnegative function,χ, with χ(0) = 1. The prob-
ability of errorassociatedwith theabove rule is L(gn) :=
Pr(X,Y )∼D(gn(X) (= Y ) whereY is thetrue labelassoci-
atedwith X. SinceD is unknown, L(gn) cannotbecom-
puteddirectly but canonly beestimatedfrom the training
set. Theresubstitutionestimate,3 L̂(gn), which countsthe
numberof errorscommittedon thetrainingsetby theclas-
siÞcationrule,is givenby L̂(gn) := 1

n

∑n
i=1 1{gn(Xi) '=Yi}.

As aforementioned,when X = RD, ρ is usually cho-
sento be ‖.‖2. Previous works in distancemetric learn-
ing learn a linear transformationL : RD → Rd lead-
ing to the distancemetric, ρL(Xi,Xj) := ‖LXi −
LXj‖2 =

√
(Xi −Xj)T ! (Xi −Xj), where! captures

thevariance-covariancestructureof thedata.In this work,
our goal is to jointly learn h and a measurablefunction,
ϕ ∈ C := {ϕ : X → Rd}, so that the resubstitu-
tion estimateof the error probability is minimized with
ρϕ(Xi,Xj) := ‖ϕ(Xi) − ϕ(Xj)‖2. Onceh and ϕ are
known, the kernel classiÞcationrule is completelyspeci-
Þedby Eq.(2).

Devroyeetal., (1996,Section25.6)show thatkernelrules
of the form in Eq. (1) picked by minimizing L̂(gn) with
smoothingfactor h > 0 are generallyinconsistentif X
is nonatomic.The sameargumentcanbe extendedto the
multi-classrule givenby Eq. (2). To learnϕ, simply mini-
mizing L̂(gn) withoutany smoothnessconditionsonϕ can
lead to kernel rules that overÞt the training set. Sucha
ϕ can be constructedas follows. Let nl be the number
of points that belongto lth class. Supposen1 = n2 =
· · · = nL. Then for any h ≥ 1, choosingϕ(X) = Yi

whenX = Xi andϕ(X) = 0 whenX /∈ {Xi}n
i=1 clearly

yieldszeroresubstitutionerror. However, sucha choiceof
ϕ leadsto akernelrule thatalwaysassignstheunseendata
to class1, leadingto very poor performance.Therefore,
to avoid overÞttingto thetrainingset,thefunctionclassC
shouldsatisfysomesmoothnesspropertiesso that highly
non-smoothfunctions like the one we deÞnedabove are
not chosenwhile minimizing L̂(gn). To this end,we intro-
ducea penaltyfunctional,Ω : C → R+, which penalizes

3Apart from the resubstitutionestimate,holdoutanddeleted
estimatescanalsobeusedto estimatetheerrorprobability. These
estimatesare usually more reliable but more involved than the
resubstitutionestimate.
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non-smoothfunctionsin C so that they arenot selected.4

Therefore,our goal is to learnϕ andh by minimizing the
regularizederrorfunctionalgivenas

Lreg(ϕ, h) =
1
n

n∑

i=1

1{gn(Xi) '=Yi} + λ′ Ω[ϕ], (3)

whereϕ ∈ C, h > 0 and the regularizationparameter,
λ′ > 0. gn in Eq.(3) is givenby Eq.(2), with ρ replacedby
ρϕ. Minimizing Lreg(ϕ, h) is equivalentto minimizingthe
numberof training instancesfor which gn(X) (= Y , over
thefunctionclass,{ϕ : Ω[ϕ] ≤ s}, for someappropriately
chosens.

Considergn(x) deÞnedin Eq. (2). SupposeYi = k for
someXi. Thengn(Xi) = k if andonly if

∑

{j:Yj=k}

Kϕ
Xj ,h(Xi) ≥ max

l∈[L]
l"= k

∑

{j:Yj=l}

Kϕ
Xj ,h(Xi), (4)

wherethesuperscriptϕ is usedto indicatethedependence
of K on ϕ.5 Sincethe right handsideof Eq. (4) involves
the max function which is not differentiable, we use
the inequality max{a1, . . . , am} ≤

∑m
i=1 ai to upper

bound6 it with
∑

l∈[L]
l"= k

∑n
j=1 1{Yj=l}KXj (Xi). Thus, to

maximize
∑n

i=1 1{gn(Xi)=Yi}, we maximize its lower
boundgivenby∑n

i=1 1
{

∑ n
j=1
j "= i

1{Yj = Yi}KXj (Xi)≥
∑ n

j=1 1{Yj "= Yi}KXj (Xi)

},

resultingin a conservative rule.7 In the above bound,we
use j (= i just to make sure that ϕ(Xi) is not the
only point within its neighborhoodof radiush. DeÞne
τij := 2δYi,Yj − 1 whereδ representstheKronecker delta.
Then, the problem of learning ϕ and h by minimizing
Lreg(ϕ, h) in Eq. (3) reducesto solving the following
optimizationproblem,

min
ϕ, h

{ n∑

i=1

ψi(ϕ, h) + λ Ω[ϕ] : ϕ ∈ C, h > 0
}

, (5)

whereλ = nλ′ andψi(ϕ, h) givenby

1{
∑ n

j=1
j "= i

1{τij =1 }KXj (Xi) <
∑ n

j=1 1{τij = −1}KXj (Xi)

}

is anupperboundon1{gn(Xi) '=Yi} for i ∈ [n]. Solvingthe
above non-convex optimizationproblemis NP-hard. The

4This is equivalentto restrictingthesizeof thefunctionclass
C from which ! hasto beselected.

5To simplify the notation, from now onwards, we write
K ϕ

Xj ,h(X i) asK Xj (X i) wherethedependenceof K on ! andh
is implicit.

6Anotherupperboundthat canbe usedfor the max function
is max{a1, . . . , am} ≤ log

(∑m
i=1 eai

)
.

7Usingtheupperboundof maxfunctionin Eq. (4) makesthe
resultingkernel rule conservative as therecanbe samplesfrom
thetrainingsetthatdo not satisfythis inequalitybut getcorrectly
classiÞedaccordingto Eq.(2).

gradientoptimizationis difÞcultbecausethegradientsare
zeroalmosteverywhere.In additionto the computational
hardness,the problemin Eq. (5) is not theoreticallysolv-
able unlesssomeassumptionsaboutC are made. In the
following section,we assumeC to be an RKHS with the
reproducingkernelK andprovide a representationfor the
optimumϕ thatminimizesEq. (5). We remindthe reader
thatK is a smoothingkernelwhich is not requiredto bea
positivedeÞnitefunctionbut takesonpositivevalues,while
K is a reproducingkernelwhich is positivedeÞniteandcan
takenegativevalues.

3. Regularization in ReproducingKernel
Hilbert Space

Many machinelearningalgorithmslike SVMs, regulariza-
tion networks,andlogisticregressioncanbederivedwithin
the framework of regularizationin RKHS by choosingan
appropriateempiricalrisk functionalwith thepenalizerbe-
ing thesquaredRKHS norm(seeEvgeniouet al. (2000)).
In Eq. (5), we have extendedthis framework to kernel
classiÞcationrules, whereinwe computethe ϕ ∈ C and
h > 0 thatminimizeanupperboundon theresubstitution
estimateof the error probability. To this end,we choose
C to be an RKHS with the penalty functional being the
squaredRKHS norm,8 i.e., Ω[ϕ] = ‖ϕ‖2C . By Þxing h,
the objective function

∑n
i=1 ψi(ϕ, h) in Eq. (5) depends

on ϕ only through{‖ϕ(Xi) − ϕ(Xj)‖2}n
i,j=1. By letting∑n

i=1 ψi(ϕ, h) = θh

(
{‖ϕ(Xi)− ϕ(Xj)‖2}n

i,j=1

)
where

θh : Rn2 → R+, Eq. (5) canbewrittenas

min
h>0

min
ϕ∈C

θh

(
{‖ϕ(Xi)− ϕ(Xj)‖2}n

i,j=1

)
+λ ‖ϕ‖2C . (6)

Thefollowing resultprovidesa representationfor themin-
imizerof Eq.(6), andis provedin AppendixA. Weremind
thereaderthatϕ is avector-valuedmappingfromX to Rd.

Theorem 1 (Multi-output regularization). SupposeC =
{ϕ : X → Rd} = H1×. . .×Hd whereHi is anRKHSwith
reproducingkernelKi : X×X → R andϕ = (ϕ1, . . . , ϕd)
with Hi + ϕi : X → R. Theneach minimizerϕ ∈ C of
Eq.(6) admitsa representationof theform

ϕj =
n∑

i=1

cijKj(.,Xi), ∀ j ∈ [d], (7)

where cij ∈ R and
∑n

i=1 cij = 0, ∀ i ∈ [n], ∀ j ∈ [d].

8Anotherchoicefor C couldbethespaceof boundedLipschitz
functionswith thepenaltyfunctional,![ ! ] = ‖! ‖L, where‖! ‖L

is theLipschitzsemi-normof ! . With thischoiceof C and! , von
Luxburg andBousquet(2004)studiedlargemargin classiÞcation
in metricspaces.Onemoreinterestingchoicefor C couldbethe
spaceof Mercerkernelmaps. It canbe shown that solving for
! in Eq. (5) with sucha choicefor C is equivalent to learning
thekernelmatrix associatedwith ! and{X i}n

i=1 . However, this
approachis not usefulas it doesnot allow for an out-of-sample
extension.
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Remark 2. (a) By Eq. (7), ϕ is completelydeterminedby
{cij : i ∈ [n], j ∈ [d]}. Therefore, theproblemof learning
ϕ reducesto learningn · d scalars,{cij :

∑n
i=1 cij = 0}.

(b) θh in Eq. (6) depends on ϕ through ‖ϕ(.) −
ϕ(.)‖2. Therefore, for any z, w ∈ X , we have
‖ϕ(z) − ϕ(w)‖22 =

∑d
m=1

[
cT

m (kz
m − kw

m)
]2 =

∑d
m=1 tr(! m(kz

m − kw
m)(kz

m − kw
m)T ) where cm :=

(c1m, . . . , cnm)T , kz
m := (Km(z,X1), . . . , Km(z, Xn))T ,

! m := cmcT
m, ∀m ∈ [d] andtr(.) representsthetrace.

(c) The regularizer, ‖ϕ‖2C in Eq. (6) is givenby ‖ϕ‖2C =∑d
m=1 ‖ϕm‖2Hm

=
∑d

m=1

∑n
i,j=1 cimcjmKm(Xi,Xj) =

∑d
m=1 cT

mK mcm =
∑d

m=1 tr(K m! m) where K m :=
(kX1

m , . . . , kXn
m ).

(d) Since ϕ appears in the form of ρϕ and ‖ϕ‖2C in
Eq. (6), learning ϕ is equivalentto learning {! m , 0 :
rank(! m) = 1, 1T ! m1 = 0}d

m=1.

In the above remark,we have shown that θh and‖ϕ‖C in
Eq.(6) dependonly on theentriesin d kernelmatrices(as-
sociatedwith d kernel functions)andn · d scalars,{cij}.
In addition,we alsoreducedthe representationof ϕ from
{cm}d

m=1 to {! m}d
m=1. It canbeseenthatρ2

ϕ and‖ϕ‖2C
areconvex quadraticfunctionsof {cm}d

m=1, while they are
linearfunctionsof {! m}d

m=1. Dependingon thenatureof
K, onerepresentationwouldbemoreusefulthantheother.

Corollary 3. SupposeK1 = . . . = Kd = K. Then,for any
z, w ∈ X , ρ2

ϕ(z, w) is the Mahalanobisdistancebetween

kz andkw, with
∑d

m=1 ! m asits metric.

Proof. By Remark 2, we have ρ2
ϕ(z, w) = ‖ϕ(z) −

ϕ(w)‖22 =
∑d

m=1 (kz
m − kw

m)T ! m (kz
m − kw

m). Since
K1 = . . . = Kd = K, we have kz

1 = . . . = kz
d = kz.

Therefore,ρ2
ϕ(z, w) = (kz − kw)T ! (kz − kw) where

! :=
∑d

m=1 ! m.

The above result reducesthe problem of learning ϕ to
learninga matrix, ! , 0, such that rank(! ) ≤ d and
1T !1 = 0. We now studytheabove resultfor linearker-
nels. The following corollary shows that applying a lin-
earkernelis equivalentto assumingtheunderlyingdistance
metricin X to betheMahalanobisdistance.

Corollary 4 (Linearkernel). LetX = RD andz, w ∈ X .
If K(z, w) = 〈z, w〉2 = zT w, thenϕ(z) = Lz ∈ Rd and
‖ϕ(z)− ϕ(w)‖22 = (z − w)T A (z − w) with A := L T L .

Proof. By Remark2 andCorollary 3, we have ϕm(z) =∑n
i=1 cimK(z,Xi) = (

∑n
i=1 cimXi)

T
z =: !T

mz. There-
fore, ϕ(z) = Lz, whereL := (!1, . . . , !d)T . In addition,
‖ϕ(z)−ϕ(w)‖22 = (z−w)T A (z−w) with A := L T L .

In the following section,we usetheseresultsto derive an
algorithmthatjointly learnsϕ andh by solvingEq.(5).

4. ConvexRelaxations& SemideÞnite
Program

Having addressedthetheoreticalissueof makingassump-
tionsaboutC to solveEq.(5),wereturnto addressthecom-
putationalissuepointedout in §2. Theprogramin Eq. (5)
is NP-hardbecauseof the natureof {ψi}n

i=1. This issue
canbe alleviatedby minimizing a convex upperboundof
ψi, insteadof ψi. Someof theconvex upperboundsfor the
function ψ(x) = 1{x>0} areΨ(x) = max(0, 1 + x) :=
[1 + x]+, Ψ(x) = log (1 + ex) etc. Replacingψi by Ψi in
Eq.(5) resultsin thefollowing program,

min
ϕ∈C
h>0

n∑

i=1

Ψi

(
γ−i (ϕ, h)− γ+

i (ϕ, h)
)

+ λ ‖ϕ‖2C , (8)

whereγ+
i (ϕ, h) :=

∑
j "= i

τij =1
KXj (Xi) and γ−i (ϕ, h) :=

∑
{j:τij=−1}KXj (Xi). Eq. (8) canstill be computation-

ally hardto solve dependingon thechoiceof thesmooth-
ing kernel,K. Evenif we chooseK suchthatγ+ andγ−

arejointly convex in ϕ andh for somerepresentationof ϕ
(seeRemark2), Eq.(8) is still non-convex astheargument
of Ψi is adifferenceof two convex functions.9 In addition,
if Ψ(x) = [1 + x]+, thenEq. (8) is a d.c. (differenceof
convex functions)program(Horst & Thoai, 1999),which
is NP-hardto solve. So, even for the nicestof cases,one
hasto resortto localoptimizationmethodsor computation-
ally intensive global optimizationmethods.Nevertheless,
if onedoesnot worry aboutthis disadvantage,thensolv-
ing Eq. (8) yieldsϕ (in termsof {cm}d

m=1 or {! m}d
m=1,

dependingon thechosenrepresentation)andh thatcanbe
usedin Eq. (2) to classify unseendata. However, in the
following, we show that Eq. (8) canbe turnedinto a con-
vex programfor thena¬õve kernel.As mentionedin §1, this
choiceof kernelleadsto a classiÞcationrule thatis similar
in principleto thek-NN rule.

4.1.Na¬õvekernel: SemideÞniterelaxation

Thena¬õve kernel,Kx0 (x) = 1{ρϕ(x,x0 )≤h}, indicatesthat
thepoints,ϕ(x), that lie within a ball of radiush centered
at ϕ(x0) have a weighting factorof 1, while the remain-
ing pointshavezeroweight.Usingthis in Eq.(8), wehave
γ−i (ϕ, h) − γ+

i (ϕ, h) =
∑
{j:τij=−1} 1{ρϕ(Xi,Xj)≤h} −∑

{j:τij=1} 1{ρϕ(Xi,Xj)≤h} + 1, which representsthedif-
ferencebetweenthe numberof pointswith label different
from Yi that lie within the ball of radiusof h centeredat
ϕ(Xi) andthenumberof pointswith thesamelabelasXi

(excludingXi) that lie within thesameball. If this differ-

9For example, let K be a Gaussiankernel, K y(x) =
exp(−" 2

ϕ(x, y)/h ). Using the {Σm}d
m=1 representationfor ! ,

we have " 2
ϕ(x, y) is linearin {Σm}d

m=1 andtherefore,K y(x) is
convex in {Σm}d

m=1 . Here,weassumeh to beÞxed.Thismeans
#+

i and#!
i areconvex in ! .
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enceis positive,thentheclassiÞcationrulein Eq.(2) makes
an error in classifyingXi. Therefore,ϕ andh shouldbe
chosensuchthat this misclassiÞcationrate is minimized.
Supposethat{ϕ(Xi)}n

i=1 is given.Then,h determinesthe
misclassiÞcationratelikek in k-NN. It canbeseenthatthe
kernelclassiÞcationrule andk-NN rule aresimilar when
K is a na¬õve kernel. In the caseof k-NN, the numberof
nearestneighborsareÞxedfor any point,whereaswith the
kernel rule, it variesfor every point. On the otherhand,
theradiusof theball containingthenearestneighborsof a
pointvarieswith everypoint in thek-NN settingwhile it is
thesamefor everypoint in thekernelrule.

γ−i (ϕ, h) − γ+
i (ϕ, h) can be further reduced to a

more amenableform by the following algebra. Us-
ing

∑
{j:τij=1} 1{ρϕ(Xi,Xj)≤h} =

∑n
j=1 1{τij=1} −

∑
{j:τij=1} 1{ρϕ(Xi,Xj)>h}, we get γ−i (ϕ, h) −

γ+
i (ϕ, h) = 1 − n+

i +
∑n

j=1 1{τijρ2
ϕ(Xi,Xj)>τij h̃} where

n+
i :=

∑n
j=1 1{τij=1} and h̃ := h2. Note that we have

neglected the set {j : τij = −1; ρϕ(Xi,Xj) = h}
in the above calculation for simplicity. Using
Ψ(x) = [1 + x]+, the Þrst half of the objective

function in Eq. (8) reduces to
∑n

i=1

[
2 − n+

i +
∑n

j=1 1{τijρ2
ϕ(Xi,Xj)>τij h̃}

]

+
. Applying the convex

relaxation one more time to the step function, we get
∑n

i=1

[
2 − n+

i +
∑n

j=1

[
1 + τijρ2

ϕ(Xi,Xj)− τij h̃
]

+

]

+
as an upper bound on the Þrst half of the objective
function in Eq. (8). Sinceρ2

ϕ is a quadraticfunction of
{cm}d

m=1, it can be shown that representingϕ in terms
of {cm}d

m=1 resultsin a d.c. program,whereasits repre-
sentationin termsof {! m}d

m=1 resultsin a semideÞnite
program (SDP) (except for the rank constraints),since
ρ2

ϕ is linear in {! m}d
m=1. Assumingfor simplicity that

K1 = . . . = Kd = K and neglecting the constraint
rank(! ) ≤ d, weobtainthefollowing SDP,

min
Σ,h̃

n∑

i=1

[
2− n+

i +
n∑

j=1

[
1 + τij tr(M ij ! )− τij h̃

]

+

]

+

+λ tr(K! )
s.t. ! , 0, 1T !1 = 0, h̃ > 0, (9)

whereM ij := (kXi − kXj )(kXi − kXj )T . For notational
details,referto Remark2 andCorollary3. Sinceonedoes
notusuallyknow theoptimalembeddingdimension,d, the
! representationis advantageousasit is independentof d
(aswe neglectedtherankconstraint)anddependsonly on
n. On theotherhand,it is a disadvantageasthealgorithm
doesnot scalewell to largedatasets.

Although the programin Eq. (9) is convex, solving it by
generalpurposesolvers that use interior point methods
scalesasO(n6), which is prohibitive. Instead,following
theideasof Weinbergeretal. (2006),weusedaÞrstorder

Algorithm 1 GradientProjectionAlgorithm

Require: {M ij}n
i,j=1, K , {τij}n

i,j=1, {n+
i }n

i=1, λ > 0,
ε > 0 and{αi, βi} > 0 (seeEq.(9))

1: Sett = 0. Choose! 0 ∈ A and h̃0 > 0.
2: repeat

3: At = {i :
∑n

j=1

[
1 + τij tr(M ij ! t)− τij h̃t

]

+
+

2 ≤ n+
i } × {j : j ∈ [n]}

4: Bt = {(i, j) : 1 + τij tr(M ij ! t) > τij h̃t}
5: Nt = Bt\At

6: ! t+1 = PN (! t − αt
∑

(i,j)∈Nt
τijM ij − αtλK )

7: h̃t+1 = max(ε, h̃t + βt
∑

(i,j)∈Nt
τij)

8: t = t + 1
9: until convergence

10: return ! t, h̃t

gradientmethod(which scalesasO(n2) per iteration)and
an alternatingprojectionsmethod(which scalesasO(n3)
periteration).At eachiteration,we take a smallstepin the
directionof thenegativegradientof theobjective function,
followed by a projectiononto the setN = {! : ! ,
0, 1T !1 = 0} and{h̃ > 0}. The projectionontoN is
performedby analternatingprojectionsmethodwhich in-
volvesprojectinga symmetricmatrix alternatelybetween
the convex sets,A = {! : ! , 0} andB = {! :
1T !1 = 0}. SinceA ∩ B (= ∅, this alternatingprojec-
tionsmethodis guaranteedto Þnda point in A ∩ B. Given
any A 0 ∈ A, the alternatingprojectionsalgorithmcom-
putesB m = PB(A m) ∈ B, A m+1 = PA(B m) ∈ A, m =
0, 1, 2, . . . , wherePA andPB aretheprojectiononA and
B, respectively. In summary, theupdaterulecanbegivenas
B m = A m − 1T Am1

n2 11T andA m+1 =
∑n

i=1[λi]+uiuT
i

where{ui}n
i=1 and{λi}n

i=1 aretheeigenvectorsandeigen-
valuesof B m.10 A pseudocodeof the gradientprojection
algorithmto solveEq.(9) is shown in Algorithm 1.

Having computed! and h̃ that minimize Eq. (9), a test
point, x ∈ X , canbeclassiÞedby usingthekernelrule in
Eq.(2),whereKXi(x) = 1{ρϕ(x,Xi)≤h} with ρ2

ϕ(x,Xi) =
(kx−kXi)T ! (kx−kXi). Therefore,! andh completely
specifytheclassiÞcationrule.

5. Experiments& Results

In thissection,wecomparetheperformanceof ourmethod
(referredto askernelclassiÞcationrule (KCR)) to several
metric learningalgorithmson a supervisedclassiÞcation
task in termsof the training andtesterrors. The training
phaseof KCR involvessolvingtheSDPin Eq. (9) to learn
optimal ! and h from the data,which are then usedin
Eq.(2) to classifythetestdata.NotethattheSDPin Eq.(9)

10Given Am ∈ A, Bm is obtainedby solving min{‖Bm −
Am‖2

F : 1T Bm1 = 0}. Similarly, for a givenBm ∈ B, Am+1

is obtainedby solvingmin{‖Am+1 −Bm‖2
F : Am+1 % 0}.
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Table 1. k-NN classiÞcationaccuracy on UCI datasets.Thealgorithmscomparedarek-NN (with Euclideandistancemetric),LMNN
(largemargin NN by Weinbergeret al. (2006)),Kernel-NN (seefootnote11),KMLCC (kernelversionof metriclearningby collapsing
classesby Globersonand Roweis (2006)), KLMCA (kernel versionof LMNN by Torresaniand Lee (2007)), and KCR (proposed
method).Mean(µ) andstandarddeviation ($) of thetrainandtest(generalization)errors(in %) arereported.

Dataset Algorithm/ k-NN LMNN Kernel-NN KMLCC KLMCA KCR
(n, D , l ) Error µ ± $ µ ± $ µ ± $ µ ± $ µ ± $ µ ± $
Balance Train 17.81± 1.86 11.40± 2.89 10.73± 1.32 10.27± 2.01 9.93± 1.86 10.47± 2.11

(625, 4, 3) Test 18.18± 1.88 11.49± 2.57 17.46± 2.13 9.75± 1.92 10.54± 1.46 8.94 ± 3.12
Ionosphere Train 15.89± 1.43 3.50± 1.18 2.84± 0.80 7.05± 1.31 3.98± 1.94 2.73± 1.03
(351, 34, 2) Test 15.95± 3.03 12.14± 2.92 5.81± 2.25 6.54± 2.18 5.19 ± 2.09 5.71± 2.60

Iris Train 4.30± 1.55 3.25± 1.15 3.60± 1.33 3.61± 1.59 3.27± 1.63 2.29± 1.62
(150, 4, 3) Test 4.02± 2.22 4.11± 2.26 4.83± 2.47 3.89± 1.55 3.74± 2.21 3.27 ± 1.87

Wine Train 5.89± 1.35 0.90± 2.80 4.95± 1.35 4.48± 1.21 2.18± 2.58 1.01± 0.73
(178, 13, 3) Test 6.22± 2.70 3.41± 2.10 7.37± 2.82 4.84± 2.47 5.17± 1.91 2.13 ± 1.24

is obtainedby usingthena¬õve kernelfor K in Eq. (2). For
othersmoothingkernels,onehasto solve the programin
Eq. (8) to learnoptimal! andh. Therefore,theresultsre-
portedin thissectionunderKCR referto thoseobtainedby
usingthena¬õvekernel.

Thealgorithmsusedin thecomparativeevaluationare:

• Thek-NN rulewith theEuclideandistancemetric.

• The LMNN (large margin nearestneighbor)method
proposedby Weinberger et al. (2006),which learns
aMahalanobisdistancemetricby minimizing thedis-
tancebetweenpredeÞnedtarget neighborsandsepa-
ratingthemby a largemargin from theexampleswith
non-matchinglabels.

• TheKernel-NN rule, which usestheempiricalkernel
maps11 astrainingdataandperformsk-NN classiÞca-
tion on thisdatausingtheEuclideandistancemetric.

• The KMLCC (kernel version of metric learning by
collapsing classes)method proposedby Globerson
andRoweis (2006),which learnsa Mahalanobisdis-
tancemetric in thekernelspaceby trying to collapse
all examplesin thesameclassto a singlepoint while
pushingexamplesin otherclassesinÞnitelyfaraway.

• TheKLMCA (kernelversionof largemargin compo-
nentanalysis)methodproposedby TorresaniandLee
(2007),which is a non-convex, kernelizedversionof
LMNN.

Four benchmarkdatasetsfrom the UCI machinelearning
repositorywereconsideredfor experimentation.Sincethe
proposedmethodand KMLCC solve an SDP that scales
poorly with n, we did not considerlarge problem sizes
for experimentation.12 The resultsshown in Table 1 are

11Kernel-NN is computedasfollows. For eachtrainingpoint,
X i, the empirical map w.r.t. {X j}n

j=1 deÞnedas kXi :=
(K(X 1, X i), . . . , K(X n, X i)) T is computed.Then,{kXi}n

i=1 is
consideredto bethetrainingsetfor theNN classiÞcationof em-
pirical mapsof thetestdatausingtheEuclideandistancemetric.

12To extendKCR to largedatasets,onecanrepresent! in terms
of {cm}, which leadsto anon-convex programasin KLMCA.

theaverageperformanceover 20 randomsplitsof thedata
with 50% for training,20% for validationand30% for test-
ing. TheGaussiankernel,K(x, y) = e−υ‖x−y‖2

2 wasused
for the kernel-basedmethods,i.e., Kernel-NN, KMLCC,
KLMCA and KCR. The parametersυ andλ (only υ for
Kernel-NN) were set with cross-validation by searching
over υ ∈ {2i}4

−4 andλ ∈ {10i}3
−3. While testing,KCR

usesthe rule in Eq. (2), whereasthe k-NN rule wasused
for all the other methods.13 It is clear from Table1 that
KCR almostalways performsas well as or signiÞcantly
betterthanall othermethods.However, on thetiming front
(which we do not report here),KLMCA, which solves a
non-convex programfor n · d variables,is muchfasterthan
KMLCC andKCR, which solve SDPsinvolving n2 vari-
ables. The role of empirical kernel mapsis not clear as
there is no consistentbehavior betweenthe performance
accuracy achievedwith k-NN andKernel-NN.

KMLCC, KLMCA, andKCR learn the Mahalanobisdis-
tancemetric in Rn which makes it difÞcult to visualize
the classseparabilityachieved by thesemethods. To vi-
sually appreciatetheir behavior, we generateda synthetic
two dimensionaldatasetof 3 classeswith eachclassbeing
sampledfrom a Gaussiandistribution with differentmean
andcovariance. Figure1(a) shows this datasetwherethe
threeclassesareshown in differentcolors. Using this as
trainingdata,distancemetricswerelearnedusingKMLCC,
KLMCA andKCR. If ! is thelearnedmetric,thenthetwo
dimensionalprojectionof x ∈ Rn is obtainedasx̂ = Lx
whereL = (

√
λ1u1,

√
λ2u2)T , with ! =

∑n
i=1 λiuiuT

i ,
andλ1 ≥ λ2 > · · ·λn. Figure1(b-d) show the two di-

13Although KCR, LMNN, andKMLCC solve SDPsto com-
putethe optimal distancemetric, KCR hasfewer numberof pa-
rametersto be tunedcomparedto theseothermethods.LMNN
requirescross-validation over k (in k-NN) and the regulariza-
tion parameteralongwith theknowledgeabouttargetneighbors.
KMLCC requirescross-validationover k, the kernelparameter,
%and the regularizationparameter. In KCR, we only needto
cross-validateover %and&. In addition, if X = RD andK is
a linear kernel, thenKCR only requirescross-validationover &
while computingtheoptimalMahalanobisdistancemetric.
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Figure 1. Datasetvisualizationresultsof k-NN, KMLCC, KLMCA andKCR appliedto a two-dimensionalsyntheticdatasetof three
classeswith eachclassbeingmodeledasa Gaussian.(a,a") denotetwo independentrandomdraws from this distribution whereas(b-d,
b"-d") representthe two-dimensionalprojectionsof thesedatausingthemetric learnedfrom KMLCC, KLMCA andKCR. Thepoints
in bold representthemisclassiÞedpoints.It is interestingto notethatKLMCA andKCR generatecompletelydifferentembeddingsbut
havesimilar errorrates.See§5 for moredetails.

mensionalprojectionsof the training set using KMLCC,
KLMCA and KCR. The projectedpoints were classiÞed
usingk-NN if ! wasobtainedfrom KMLCC/KLMCA and
usingEq. (2) if ! wasobtainedfrom KCR. The misclas-
siÞedpointsareshown in bold. SincetheclassiÞcationis
doneon the trainingpoints,onewould expectbettererror
rate and separabilitybetweenthe classes.To understand
thegeneralizationperformance,a new datasampleshown
in Figure 1(a′) was generatedfrom the samedistribution
asthe training set. The learned! wasusedto obtainthe
two dimensionalprojectionsof thenew datasamplewhich
areshown in Figure1(b′-d′). It is interestingto notethat
KLMCA and KCR generatecompletelydifferent projec-
tionsbut havesimilar errorrates.

6. RelatedWork

We brießy review somerelevantwork andpoint out simi-
laritiesanddifferenceswith our method. In our work, we
have addressedtheproblemof extendingkernelclassiÞca-
tion rulesto arbitrarymetricspacesby learninganembed-
dingfunctionthatembedsdataintoaEuclideanspacewhile
minimizing an upperboundon the resubstitutionestimate
of theerrorprobability. Themethodthatis closestin spirit
(kernelrules)to oursis therecentwork by Weinbergerand
Tesauro(2007)who learna Mahalanobisdistancemetric
for kernel regressionestimatesby minimizing the leave-
one-outquadraticregressionerrorof thetrainingset.With
the problembeingnon-convex, they resortto gradientde-

scenttechniques.Exceptfor thiswork, wearenotawareof
any methodrelatedto kernelrulesin thecontext of distance
metriclearningor learningthebandwidthof thekernel.

Therehasbeenlot of work in the areaof distancemetric
learningfor k-NN classiÞcation,someof which arebrießy
discussedin §5. The central idea in all thesemethods
is that similarly labeledexamplesshouldclustertogether
andbefarawayfrom differentlylabeledexamples.Shalev-
Shwartz et al. (2004) proposedan online algorithm for
learninga Mahalanobisdistancemetricwith theconstraint
thatany trainingexampleis closerto all theexamplesthat
shareits label thanto any otherexampleof differentlabel.
In addition,examplesfrom differentclassesareconstrained
to beseparatedby a largemargin. ThoughShalev-Shwartz
etal. (2004)donotsolve thisasabatchoptimizationprob-
lem, it canbeshown that it reducesto anSDP(after rank
relaxation)andis in factthesameasEq. (9) exceptfor the
outer[.]+ functionandtheconstraint1T !1 = 0.

7. Concluding Remarks

In thispaper, twoquestionsrelatedto thesmoothingkernel-
basedclassiÞcationrule have beenaddressed.One is re-
lated to learningthe bandwidthof the smoothingkernel,
while theotheris to extendingtheclassiÞcationrule to ar-
bitrary domains.We jointly addressedthemby learninga
functionin a reproducingkernelHilbert spacewhile mini-
mizinganupperboundontheresubstitutionestimateof the
errorprobabilityof thekernelrule. For a particularchoice
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of thesmoothingkernel,calledthena¬õvekernel,weshowed
that theresultingrule is relatedto thek-NN rule. Because
of this relation,thekernelrule wascomparedto k-NN and
its state-of-the-artdistancemetriclearningalgorithmson a
supervisedclassiÞcationtaskandwasshown to have com-
parableperformanceto thesemethods. In the future, we
would like to develop sometheoreticalguaranteesfor the
proposedmethodalongwith extendingit to large-scaleap-
plications.

Appendix A. Proof of Theorem1

Weneedthefollowing resultto proveTheorem1.
Lemma 5. LetH = {f : X → R} bean RKHSwith K :
X × X → R as its reproducingkernel. Let θ : Rn2 → R
beanarbitrary function.Theneach minimizerf ∈ H of

θ
(
{f(xi)− f(xj)}n

i,j=1

)
+ λ‖f‖2H (10)

admitsa representationof the form f =
∑n

i=1 ciK(., xi),
where{ci}n

i=1 ∈ R and
∑n

i=1 ci = 0.

Proof. The proof follows the generalizedrepresenterthe-
orem (Sch¬olkopf et al., 2001, Theorem 4). Since
f ∈ H, f(x) = 〈f, K(., x)〉H. Therefore, the argu-
mentsof θ in Eq. (10) are of the form {〈f, K(., xi) −
K(., xj)〉H}n

i,j=1. We decomposef = f‖ + f⊥
so that f‖ ∈ span

(
{K(., xi)− K(., xj)}n

i,j=1

)
and

〈f⊥,K(., xi) − K(., xj)〉H = 0, ∀ i, j ∈ [n]. So, f =∑n
i,j=1 αij(K(., xi) − K(., xj)) + f⊥ where{αij}n

i,j=1 ∈
R. Therefore,f(xi)−f(xj) = 〈f, K(., xi)−K(., xj)〉H =
〈f‖, K(., xi) − K(., xj)〉H =

∑n
p,m=1 αpm(K(xi, xp) −

K(xj , xp) − K(xi, xm) + K(xj , xm)). Now, consider
the penalty functional, 〈f, f〉H. For all f⊥, 〈f, f〉H =
||f‖||2H + ||f⊥||2H ≥ ‖

∑n
i,j=1 αij(K(., xi) − K(., xj))‖2H.

Thus for any Þxed αij ∈ R, Eq. (10) is minimized for
f⊥ = 0. Therefore,the minimizer of Eq. (10) has the
form f =

∑n
i,j=1 αij(K(., xi) − K(., xj)), which is pa-

rameterizedby n2 parametersof {αij}n
i,j=1. By simple

algebra,f reducesto f =
∑n

i=1 ciK(., xi), whereci =∑n
j=1(αij − αji) satisÞes

∑n
i=1 ci = 0.

Wearenow readyto proveTheorem1.

Proof of Theorem 1. The arguments of θh in
Eq. (6) are of the form ‖ϕ(Xi) − ϕ(Xj)‖2. Consider
‖ϕ(Xi) − ϕ(Xj)‖22 =

∑d
m=1 (ϕm(Xi)− ϕm(Xj))

2 =∑d
m=1 (〈ϕm,Km(.,Xi)− Km(.,Xj)〉Hm)2. The penal-

izer in Eq.(6) reducesto ‖ϕ‖2C =
∑d

m=1 ‖ϕm‖2Hm
. There-

fore, applyingLemma5 to eachϕm, m ∈ [d] provesthe
result.
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