Metric Embeddingfor Kernel ClassibcationRules

Bharath K. Sriperumbudur
Omer A. Lang
Gert R. G. Lanckriet

BHARATHSV @UCSD.EDU
OLANG@UCSD.EDU
GERT@ECE.UCSD.EDU

Departmenbf ElectricalandComputerEngineeringUniversity of California, SanDiego, CA 92093USA.

Abstract

In this paper we considera smoothingkernel-
basedclassibcationrule and proposean algo-
rithm for optimizing the performanceof therule
by learningthe bandwidthof the smoothingker-
nel alongwith a data-dependemtistancemetric.
The data-dependerdistancemetric is obtained
by learninga function that embedsan arbitrary
metric spaceinto a Euclideanspacewhile mini-
mizing anupperboundon theresubstitutioresti-
mateof the error probability of the kernelclassi-
pcationrule. By restrictingthis embeddindgunc-
tion to areproducingkernelHilbert spacewe re-
ducethe problemto solving a semidebnitgro-
gramandshaw theresultingkernelclassibcation
rule to be a variation of the k-nearestneighbor
rule. We comparethe performanceof the kernel
rule (using the learneddata-dependerdistance
metric) to state-of-the-artlistancemetric learn-
ing algorithms(designedor k-nearesneighbor
classibcationpn somebenchmarldatasetsThe
resultsshow thatthe proposedule haseitherbet-
teror asgoodclassibcatiomccurag astheother
metriclearningalgorithms.

1. Intr oduction

Parzen window methods, also called smoothing kernel
rulesarewidely usedin nonparametriclensityestimation
andfunction estimation,and are popularly known asker
nel density and kernel regressionestimatesyespectiely.
In this paper we considertheserulesfor classibcationTo
this end, let us considerthe binary classibcatiorproblem
of classifyingz € RP, givenani.i.d. training sample
{(X;,Y;)}, dranvn from someunknavn distribution D,
whereX; € R? andY; € {0,1},Vi € [n] := {1,...,n}.
Thekernelclassibcationrule (Devroye etal., 1996,Chap-
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ter 10) is givenby

0 if I, 1{K:0}K<x_hX1?(
> i Ty K (r_h ) 1)
1 otherwise

gn(z) =

whereK : RP — R is akernelfunction which is usually
nonngative and monotonedecreasinglongrays starting
from the origin. The numberh > 0 is calledthe smooth-
ing factor, or bandwidth of thekernelfunction,which pro-
videssomeform of distancaveighting. We warnthereader
not to confusethe kernelfunction, K, with the reproduc-
ing kernel (Schaelkopf & Smola, 2002) of a reproducing
kernelHilbert space(RKHS), which we will denotewith
&Y WhenK(z) = 1yj,,<1}(z) (sometimesalledthe
nadvekerne)), therule is similar to the k-nearesneighbor
(k-NN) rule exceptthat & is differentfor each X; in the
training set. The k-NN rule classipesachunlabeledex-
ampleby the majority labelamongits k-nearesneighbors
in the training set, whereaghe kernelrule with the nad\e
kernel classibPesachunlabeledexample by the majority
labelamongits neighborghatlie within aradiusof h. De-
vroye and Krzygak (1989) proved that for regular kernels
(seeDevroyeetal., (1996,Debnition10.1)),if thesmooth-
ing parameteh — 0 suchthatnh” — oo asn — oo, then
thekernelclassibcatiomule is universally consistent But,
for a particularn, asymptoticresultsprovide little guid-
ancein the selectionof h. Ontheotherhand,selectingthe
wrongvalueof A mayleadto very poorerrorrates.In fact,
the crux of every nonparametrie@stimationproblemis the
choiceof an appropriatesmoothingfactor This is oneof
the questionghatwe addressn this paperby proposingan
algorithmto learnanoptimal .

The secondquestionthat we addresss learningan opti-
mal distancemetric. For x € RP, K is usually a func-
tion of ||z||2. Somepopularkernelsinclude the Gaus-
siankernel, K (z) = e~ lIl2; the Caucly kernel, K (z) =

lunlike &, K is not requiredto be a positive dePnitefunc-
tion. If K is a positive debnitefunction, thenit correspondso
atranslation-ivariantkernel of someRKHS debnecon R”. In
sucha casetheclassibcatiomulein Eg. (1) is similarto theones
thatappeaiin kernelmachinediterature.
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1/(1 + ||z||2*"); andthe Epanechnikv kernel K (z) =

(1 — [|z]|3) Lz, <13 -2 Snappand Venkatest{1998)have
shawvn thatthe bPnite-sampleisk of the k-NN rule may be
reduced,for large valuesof n, by using a weightedEu-
clideanmetric,eventhoughtheinbnitesamplerisk is inde-
pendenf the metric used. This hasbeenexperimentally
conbrmedby Xing et al. (2003); Shale-Shwartz et al.

(2004); Goldbeger et al. (2005); Globersonand Roweis
(2006);Weinbegeretal. (2006). They all assuméhe met-
ric to be p(x,y) = /(z — )T (z—y) = |L(z — )2

for z,y € RP, where! = LTL is the weightingmatrix,
andoptimizeover! to improve the performancef the k-

NN rule. Sincethe kernelrule is similar to the £-NN rule,
onewould expectthatits performanceanbeimprovedby
making K a functionof ||Lz||2. Anotherway to interpret
thisis to bPndalineartransformatiorL. € R¢*? sothatthe
transformediatalie in a Euclideanmetricspace.

Someapplicationscall for naturaldistancemeasureshat
relectthe underlyingstructureof the dataat hand.For ex-
ample,whencomputingthe distancebetweerntwo images,
tangent distancewould be more appropriatethan the Eu-
clideandistance. Similarly, while computingthe distance
betweenpointsthatlie on a low-dimensionalmanifold in
RP, geodesiddistanceis a more naturaldistancemeasure
thanthe Euclideandistance. Most of the time, sincethe
true distancemetricis eitherunknavn or difpbcultto com-
pute,Euclidearor weightedEuclideardistancds usedasa
surro@te.In theabsencef prior knowledge the datamay
beusedto selecta suitablemetric,which canleadto better
classibcatioperformanceln addition,insteadof 2 € RP,
suppose: € (X, p), whereX is ametricspacewith p asits
metric. Onewould like to extendthe kernelclassibcation
rule to suchX. In this paper we addresgheseissuesby
learningatransformatiorthatembedghedatafrom X" into
aEuclidearmetricspacewhile improving the performance
of thekernelclassibcatiomule.

The restof the paperis organizedas follows. In §2, we
formulatethe multi-classkernelclassibcatiomule andpro-
poseearningatransformationy, (thatembedghetraining
datainto a Euclideanspace)and the bandwidthparame-
ter, h, by minimizing an upperboundon the resubstitution
estimateof the error probability To achieve this, in §3,
we restrict to an RKHS andderive a representatioffior
it by invoking the generalizedepresentetheorem. Since
the resulting optimization problemis non-cowex, in §4,
we approximateit with a semidebniteprogramwhen K
is a nabwe kernel. We presentexperimentalresultsin §5,
whereinwe shav on benchmarldatasetshatthe proposed
algorithm performsbetterthan k-NN and state-of-the-art
metriclearningalgorithmsdevelopedfor the k-NN rule.

2The Gaussiarkernel is a positive debnitefunction on R”
while the Epanechnilv andnab\e kernelsarenot.

2. Problem Formulation

Let {(X;,Y;)}" , denoteani.i.d. training setdravn from
someunknown distribution D whereX; € (X, p) andY; €
[L], with L beingthe numberof classes.The multi-class
kernelclassibcatiomuleis givenby

() = Loy —pn Kx. n(z), 2
gn () arggrel[ag]c; viey Kxon(2) )

whereK : X — Ry and K, (z) = X(w) for

somenonngjative function, x, with x(0) = 1. The prob-
ability of errorassociatedavith theaboreruleis L(g,,) :=

Prix v)~p(9n(X) # Y) whereY is thetrue label associ-
atedwith X. SinceD is unknown, L(g,) cannotbe com-
puteddirectly but canonly be estimatedrom the training
set. Theresubstitutiorestimate® L(g,, ), which countsthe
numberof errorscommittedon thetrainingsetby theclas-
sibcatiorrule,isgivenby L(g,) := = > | Ty (x,)£v:}-

As aforementionedwhen X = RP”, p is usually cho-
sento be ||.||2. Previous works in distancemetric learn-
ing learn a linear transformationL : R”? — R? lead-
ing to the distancemetric, pr(X;, X;) = |LX; —

LX;|2 = v/(Xi — X;)T! (X; — X;), where! captures
thevariance-cwariancestructureof the data. In this work,

our goal is to jointly learn h and a measurabldunction,

¢ € C := {p : X — R?}, so thatthe resubstitu-
tion estimateof the error probability is minimized with

Pe(Xi, X;) = [lo(Xi) — ¢(X;)[2. Onceh andy are
known, the kernel classibcatiorrule is completelyspeci-
bpedby Eq.(2).

Devroyeetal., (1996,Section25.6)shav thatkernelrules
of the form in Eq. (1) picked by minimizing L(g,,) with
smoothingfactorh > 0 are generallyinconsistentif X
is nonatomic. The sameargumentcan be extendedto the
multi-classrule givenby Eq. (2). To learny, simply mini-
mizing L(g,,) withoutary smoothnessonditionson ¢ can
lead to kernelrules that overbtthe training set. Sucha
o canbe constructedas follows. Let n; be the number
of pointsthat belongto [ class. Supposen; = n, =
- = ng. Thenfor ary h > 1, choosinge(X) = Y;
whenX = X; andp(X) = 0whenX ¢ {X;}I, clearly
yields zeroresubstitutiorerror. However, sucha choiceof
o leadsto akernelrule thatalwaysassignghe unseerdata
to class1, leadingto very poor performance. Therefore,
to avoid overpttingto the training set,the function classC
shouldsatisfy somesmoothnesgropertiesso that highly
non-smoothfunctionslike the one we dePnedabove are
notchoserwhile minimizing L(g,,). To thisend,weintro-
ducea penaltyfunctional,§2 : C — R, which penalizes

3Apart from the resubstitutionestimate holdoutand deleted
estimateganalsobeusedto estimateheerrorprobability These
estimatesare usually more reliable but more involved than the
resubstitutiorestimate.
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non-smoothfunctionsin C so thatthey are not selected"
Therefore,our goalis to learny andh by minimizing the
regularizederrorfunctionalgivenas

1 n
Lreg(p:h) = = > g (xyzviy + X Q) ()
=1

wherep € C, h > 0 andthe regularizationparameter
A > 0. g, in Eq.(3) is givenby Eqg.(2), with p replaceddy
P, Minimizing L,.4 (¢, h) is equivalentto minimizing the
numberof training instancedor which g,,(X) # Y, over
thefunctionclass {y : Q[¢] < s}, for someappropriately
chosers.

Considerg,, () debPnedn Eg. (2). SupposeY; = k for
someX;. Theng,(X;) = k if andonly if

> K% (X)) > max K, WX, (@)
{5:;=k} Fh{j:Y;=1}

wherethe superscripty is usedto indicatethe dependence
of K on.® Sincetheright handsideof Eq. (4) involves
the max function which is not differentiable, we use
the inequality max{a,...,a,} < D', a; to upper
bound it with lei/[f] Z?:l ]I{Yj:l}KXj (Xl) Thus, to

maximize > | 1y, (x,)=v;}» We maximize its lower
boundgivenby
i 1 :
{Z,; Livy= viy B (X0) 2 3000 gy 7 vy Kx; <Xi)}
resultingin a conserative rule.’” In the above bound,we
usej # 1 just to make sure that o(X;) is not the
only point within its neighborhoodof radiush. Debne
7ij := 20y, y; — 1 whered representshe Kronecler delta.
Then, the problem of learning ¢ and h by minimizing
L,eq(p,h) in Eq. (3) reducesto solving the following
optimizationproblem,

Igi}?{zwi(%h)—i—)\fl[(p] : (pEC,h>O}, (5)
’ i=1

wherel = n\ andvy;(p, h) givenby

1
{Z?’q Tz 3 Kxp (X)) <27 Tqrg = 13 Kx; (Xi)}
7 ' '

isanupperboundon 1, (x,)xv,} fori € [n]. Solvingthe
above non-comvex optimizationproblemis NP-hard. The

“This is equivalentto restrictingthe size of the functionclass
C fromwhich! hasto beselected.

5To simplify the notation, from now onwards, we write
K;‘}j,h(x i) asK x; (X ;) wherethedependencef K on! andh
is implicit.

8Anotherupperboundthat canbe usedfor the max function
ismax{ai,...,am} <log (37, e%).

"Usingthe upperboundof maxfunctionin Eq. (4) makesthe
resultingkernelrule conserative astherecanbe samplesfrom
thetraining setthatdo not satisfythis inequalitybut getcorrectly
classibeaccordingto Eq. (2).

gradientoptimizationis difbcultbecausehe gradientsare
zeroalmosteverywhere.In additionto the computational
hardnessthe problemin Eq. (5) is not theoreticallysolv-

able unlesssomeassumptionsboutC are made. In the

following section,we assume to be an RKHS with the

reproducingkernel & andprovide a representatioffor the

optimum thatminimizeskg. (5). We remindthereader
that K is a smoothingkernelwhichis not requiredto bea

positive dePnitefunctionbut takeson positive values while

Ris areproducingkernelwhichis positive debniteandcan
take negative values.

3. Regularization in Reproducing Kernel
Hilbert Space

Many machinelearningalgorithmslike SVMs, regulariza-
tion networks,andlogisticregressiorcanbederivedwithin
the framework of regularizationin RKHS by choosingan
appropriateempiricalrisk functionalwith the penalizebe-
ing the squaredRKHS norm (seeEvgeniouet al. (2000)).
In Eqg. (5), we have extendedthis framework to kernel
classibcatiorrules, whereinwe computethe ¢ € C and
h > 0 thatminimize anupperboundon the resubstitution
estimateof the error probability To this end, we choose
C to be an RKHS with the penalty functional being the
squaredRKHS norm8 i.e., Q[¢] = ||¢||3. By Pxing A,
the objective function }_""_, ¥;(, h) in Eq. (5) depends
on ¢ only through{|o(X;) — »(X;)[l2}}';=1- By letting
iz vile,h) = O ({lle(Xi) — o(X;)ll2}7 ;1) where
O : R™ — R, Eqg.(5) canbewrittenas

min min 6y ({lle(Xi) — @(X )2} 5=1) + A llllz- (6)

Thefollowing resultprovidesarepresentatiofor the min-
imizer of Eq.(6), andis provedin AppendixA. Weremind
thereadeithat is avectorvaluedmappingfrom X to R9.

Theorem 1 (Multi-output regularization) SupposeC =
{p: X — R} = H; x...xHys wheeH,; isanRKHSwith
reproducingkernelf; : X xX — Randy = (¢1,-..,¢q)
with H; 3 ¢; : X — R. Thenead minimizery € C of
Eq. (6) admitsa representatiorof theform

p; = iR, Xi), Vj € ld],
=1
wheec;; e Rand> ", ¢;; =0, Vi€ [n],Vj € [d].

)

8Anotherchoicefor C couldbethespaceof bounded.ipschitz
functionswith thepenaltyfunctional,!l[ ! ] = ||! ||z, where||! ||
is theLipschitzsemi-normof ! . With this choiceof C and! , von
Luxburg andBousque{2004)studiedlarge mamgin classibcation
in metric spaces Onemoreinterestingchoicefor C couldbethe
spaceof Mercerkernelmaps. It canbe showvn that solving for
I in Eq. (5) with sucha choicefor C is equivalentto learning
the kernelmatrix associatedvith ! and{X;}x; . However, this
approachis not usefulasit doesnot allow for an out-of-sample
extension.
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Remark 2. (a) By Eq. (7), ¢ is completelydeterminediy
{cij : 1 € [n],j € [d]}. Theefore, the problemof learning
¢ reducedo learningn - d scalars, {¢;; : >, ¢;; = 0}.

(b) 6, in Eqg. (6) dependson ¢ through [|¢(.) —
©(.)|]2.  Theefore, for any z,w € X, we have

lez) = w3 = Sy [eh ks —km))® =
Yoo (1 m(kz, — k)(kz, — k#)T) whee ¢, :=
(Crms -y Cnm) T K2, = (B (2, X1), .., B2, X)) T,
I = cncl  Vm € [d] andtr(.) representghetrace

(c)dThe regularizeg ||gad||% in Eq. (6) is givenby |¢[2 =
> m=1 H‘Pm”%{m = m=1 Zij 1 CimCimBm (X, Xj) =
d d
(Zk:}? 1CZLI;),{n(;m = Yo _tr(Ky! ) whee K, =
1 n

(d) Since ¢ appeas in the form of p, and ||¢||Z in
Eq. (6), learning ¢ is equivalentto learning {! ,, = 0 :
rank(! ,,) =1,171 ,,1 =0} _,.

In the above remark,we have shavn thatd,;, and ||¢||¢ in
Eq. (6) dependbnly ontheentriesin d kernelmatriceg(as-
sociatedwith d kernelfunctions)andn - d scalars{c;;}.
In addition,we alsoreducedthe representatiof ¢ from
{em}d_i to{! 1} _,. It canbeseenthatp? and||¢||2
arecorvex quadratldunctlonsof {cn}¥ _,, while they are
linearfunctionsof {! ,,}<,_,. Dependingon the natureof
K, onerepresentatiomwould be moreusefulthanthe other

Corollary 3. SupposeR; = ... = &4 = K. Then,for any
z,w € X, p’(z,w) is the Mahalanobisdistancebetween

k= andk®, with ¢ _ I, asits metric.

Proof. By Remark 2, we have p?o(z w) = |e(z) —
P = Yooy (ki — ki)™ (ki — k). Since
R = ... = Rg 7Rweha/ek2: .= ki =k~
Therefore, i( w) = (k* — k)T (kZ — k™) where
L= m. O

The above result reducesthe problem of learning ¢ to

learninga matrix, ! > 0, suchthatrank! ) < d and
1711 = 0. We now studythe above resultfor linearker-

nels. The following corollary shawvs that applying a lin-

earkernelis equivalentto assumingheunderlyingdistance
metricin X to bethe Mahalanobiglistance.

Corollary 4 (Linearkernel) LetxX = R? andz,w € X.
If R(z,w) = (2,w)y = 27w, theny(z) = Lz € R? and
lp(2) — p(w)l3 = (z = w)TA (2 — w) with A = LTL.

Proof. By Remark2 and Corollary 3, we have ¢,,(z) =
S cmf(z, X)) = (O, cimXi)" 2 =: € z. There-
fore, p(z) = Lz, whereL := (£y,...,£4)T. In addition,
le(z)—p(w)|2 = (z—w)TA (z—w)withA :=LTL. O

In the following section,we usetheseresultsto derive an
algorithmthatjointly learnsy andh by solving Eq. (5).

4. Convex Relaxations& Semidebnite
Program

Having addressedthe theoreticalissueof makingassump-
tionsaboutC to solve Eq.(5), wereturnto addresshecom-

putationalissuepointedoutin §2. The programin Eg. (5)

is NP-hardbecauseof the natureof {,}* ;. This issue
canbe alleviated by minimizing a corvex upperboundof

1), insteadof ;. Someof thecorvex upperboundgor the
functiony(z) = 1,50y areV¥(zr) = max(0,1 + ) :=

1+ 24, U(x) =log (1 + e¥) etc. Replacingy; by ¥, in

Eq. (5) resultsin thefollowing program,

n

min > Wi (v, (¢, h) =3 (0, h) + Allelle, (8
h>0 4=1
where s (o, ) = 3 i K, (X;) ands; (,h) =

Z{j:n:_l} Kx,(X;). Eq (8) canstill be computation-
ally hardto solve dependingon the choiceof the smooth-
ing kernel, K. Evenif we chooseK suchthaty* and~y~
arejointly corvex in p andh for somerepresentationf
(seeRemark?), Eq.(8) is still non-cowex astheamgument
of ¥, is adifferenceof two corvex functions? In addition,
if ¥(z) = [1 + 2|4, thenEq. (8) is ad.c. (differenceof
convex functions)program(Horst & Thoai, 1999), which
is NP-hardto solve. So, evenfor the nicestof casespne
hasto resortto local optimizationmethodor computation-
ally intensie global optimizationmethods. Nevertheless,
if onedoesnot worry aboutthis disadwantage then solv-
ing Eq. (8) yields ¢ (in termsof {c,,}¢,_, or {! ,,}¢ _,,
dependingon the choserrepresentationandh thatcanbe
usedin Eg. (2) to classify unseendata. However, in the
following, we shav that Eqg. (8) canbe turnedinto a con-
vex programfor the nade kernel. As mentionedn §1, this
choiceof kernelleadsto a classibcatiomule thatis similar
in principleto the k-NN rule.

4.1.Nabée kernel: Semidebniterelaxation

Thenade kernel, K, (z) = 1y, (2,20)<n}, iNdicatesthat
the points, (), thatlie within a ball of radiush centered
at p(zo) have a weighting factorof 1, while the remain-
ing pointshave zeroweight. Usingthisin Eq. (8), we have
i (g, h) — vf(so, h) = X fjir=—13 Lpa(xi,x)<ht —
2 (jimy=1} Yo, (x:,x;)<ny + 1, which representshe dif-
ferencebetweenthe numberof pointswith label different
from Y; thatlie within the ball of radiusof » centeredat
»(X;) andthe numberof pointswith the samelabelas X;
(excluding X;) thatlie within the sameball. If this differ-

°For example, let K be a Gaussiankernel, K ,(x) =
exp(—"Z(x, y)/h). Usingthe {£,,}%.-; representatiofor ! ,
wehave"Z(x, y) islinearin {,,}%-; andthereforeK ,(x) is
corvexin {2,,}%,-; . Here,we assumé to bebxed. Thismeans
# and#, arecorvexin! .
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enceis positive, thentheclassibcatiomulein Eq.(2) makes
anerrorin classifying X;. Therefore,p andh shouldbe
chosensuchthat this misclassibcatiomate is minimized.
Supposehat{¢(X;)}"_, is given.Then,. determineshe
misclassibcatioratelike & in £-NN. It canbeseerthatthe
kernelclassibcatiorrule and k-NN rule are similar when
K is anabe kernel. In the caseof k-NN, the numberof
nearesheighborsarebxedfor ary point, whereaswith the
kernelrule, it variesfor every point. On the other hand,
theradiusof the ball containingthe nearesheighborsof a
pointvarieswith every pointin the k-NN settingwhile it is
thesamefor every pointin thekernelrule.

v (p,h) — ~; (p,h) can be further reduced to a
more amenableform by the following algebra. Us-

g Xy Lpoxixpnzny = 2o Lry=1y —
Z{j:ﬂ,j—l} ]l{PtP(X Xj)>h}s we get 'Y;(Sﬁ,h>
V(e h) =1 —nf + P {T”pw(x X,)>m,; iy Where

nf =

S -y andh = h%. Notethatwe have
neglectedthe set {j —1;p,(Xi, X;) = h}
in the abore calculation for simplicity. Using

U(z) = [l + =]4, the prst half of the objectve
function in Eqg. (8) reducesto > ., {2 - nf +

DTy =

relaxation one more time to the step function, we get
Sy |20 + 300 [1 + 7% (Xi, Xj) — Tz‘thL
as an upper bound on the brst half of the objective

functionin Eq. (8). Sincepi is a quadraticfunction of

{c,n}d _,, it canbe shavn that representingp in terms
of {c,,}¢,_, resultsin ad.c. program,whereasts repre-
sentationin termsof {! ,,14 _, resultsin a semidePnite
program (SDP) (except for the rank constraints),since
p2 is linearin {! ,,}¢ _,. Assumingfor simplicity that

R = ... = K4 = K and nalecting the constraint
rank(! ) < d, we obtainthefollowing SDR

mip 2[2—77/?4-2{14-7@‘]‘”('“ ij! )—Tijili|+:|+
7j=1

Z,h i=1

+Atr(K! )
st. ! =0,1711 =0,k >0, (9)
whereM ;; := (kX — ki) (kX: — kX:)T. For notational

details,referto Remark2 andCorollary 3. Sinceonedoes
notusuallyknow the optimalembeddinglimensiong, the
I representatiois advantageoussit is independenof d
(aswe ngylectedthe rank constraintlanddependsonly on
n. Ontheotherhand,it is a disadwantageasthe algorithm
doesnot scalewell to large datasets.

Although the programin Eq. (9) is corvex, solving it by
generalpurposesolvers that use interior point methods
scalesas O(n®), which is prohibitive. Instead following
theideasof Weinbegeretal. (2006),we useda brstorder

Algorithm 1 GradientProjectionAlgorithm
Require: {M ij};ﬂ,jzll K, {Tij}?,jzl’ {nj
e > 0and{a;, 3;} > 0 (seekEq.(9))

1. Sett = 0. Choosé ( € A andhgy > 0.

2: repeat

nLA >0,

3: Ay = {Z : Z?:l 1+7-Z-jtr(M ij! t) —Tijht N +
2<nf}x{j:jenl} i

4 By ={(i,j) : L+ mtr(M 45! ¢) > 75hs}

5: = Bt\At

6: !y =Pyv(l i Z(yﬁ,j)eNt TijMij — e AK)

7.

hiy1 = max(e, he + B 32 jyen, Tij)
8 t=t+1

9: until corvergence

10: return! 4, hy

gradientmethod(which scalesasO(n?) periteration)and
an alternatingprojectionsmethod(which scalesas O (n?)
periteration). At eachiteration,we take a smallstepin the
directionof the nggative gradientof the objective function,
followed by a projectiononto the setV = {! : | >
0,1711 = 0} and{h > 0}. The projectiononto A" is
performedby an alternatingprojectionsmethodwhich in-
volves projectinga symmetricmatrix alternatelybetween
the corvex sets, A = {! : ! = 0} andB = {!
1711 = 0}. Since. AN B # {, this alternatingprojec-
tionsmethodis guaranteedo bnda pointin A N B. Given
ary Ay € A, the alternatingprojectionsalgorithm com-
putesB,, = Pg(A) € B,Apy1 =Pa(Bn) € A, m=
0,1,2,..., whereP,4 and Pz arethe projectionon 4 and
B, respectiely. In summarytheupdaterulecanbegivenas
Brn = Am - 1 Am:lllT andA m+1 — Z;L 1[>‘ ]+U U
where{u;}" and{/\ 3 arethee|gervector$nde|gen-
valuesof B ,,.1° A pseudocodef the gradientprojection
algorithmto solve Eq. (9) is shovn in Algorithm 1.

Having computed! and & that minimize Eq. (9), a test
point,z € X, canbe classibedy usingthekernelrulein

Eq.(2),whereK x, (x) = 1y, (z,x,)<n}y With p2 (z, X;) =

(k® —kX:)T1 (k* —kX:). Therefore! andh completely
specifytheclassibcatiomule.

5. Experiments & Results

In this sectionwe compareheperformancef our method
(referredto askernelclassibcationule (KCR)) to several
metric learning algorithmson a supervisedclassibcation
taskin termsof the training andtesterrors. The training
phaseof KCR involvessolvingthe SDPin Eq. (9) to learn
optimal! and h from the data, which are then usedin
Eq.(2) to classifythetestdata.Notethatthe SDPin Eq.(9)

YGiven A,, € A, B,, is obtainedby solving min{||B,,
A% :17B,,1 = 0}. Similarly, for aglvenB € B, Am+1
is obtainedoy solvingmin{[|A+1 — By||% : Ammsr = O},
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Table 1. K-NN classibcatioraccurag on UCI datasetsThe algorithmscomparedarek-NN (with Euclideandistancemetric), LMNN
(largemamgin NN by Weinbegeretal. (2006)),KernetNN (seefootnotell), KMLCC (kernelversionof metriclearningby collapsing
classeshy Globersonand Roweis (2006)), KLMCA (kernel versionof LMNN by Torresaniand Lee (2007)), and KCR (proposed

method).Mean() andstandardieviation ($) of thetrain andtest(generalizationgrrors(in %) arereported.

Dataset  Algorithm/ k-NN LMNN KernetNN KMLCC KLMCA KCR

(n,D,1) Error u+$ pEt$ S pEt$ pHEtS$ pt$
Balance Train 1781+1.86 1140+289 10.73+1.32 1027+201 9.93+186 1047+211
(625, 4,3) Test 1818+ 1.88 11.49+257 17.46+213 9.75+192 1054+1.46 8.94% 3.12
lonosphere Train 1589+1.43 350+1.18 284+0.80 7.05+131 3.98+194 2.73+1.03
(351, 34, 2) Test 1595+ 3.03 1214+292 581+225 654+218 5.19+ 2.09 5714260
Iris Train 430+155 325+115 360+133 361+159 3.27+1.63 229+162
(150, 4, 3) Test 402+ 2.22 411+ 2.26 483+ 2.47 3.89+ 1.55 3.74+221 3.27+ 1.87
Wine Train 589+135 090+280 495+135 448+121 218+258 1.01+0.73
(178, 13, 3) Test 6.22+270 341+210 7.37+282 484+247 517+191 2.13+ 1.24

is obtainedby usingthe nade kernelfor K in Eq. (2). For
othersmoothingkernels,one hasto solve the programin
Eq.(8) to learnoptimal! andh. Thereforetheresultsre-
portedin this sectionunderKCR referto thoseobtainedby
usingthenad\e kernel.

Thealgorithmsusedin thecomparatie evaluationare:

e Thek-NN rule with the Euclideandistancametric.

e The LMNN (large mamgin nearesineighbor)method
proposedby Weinbeger et al. (2006), which learns
a Mahalanobiglistancanetricby minimizing the dis-
tancebetweenpredebnedarget neighborsand sepa-
ratingthemby alarge maigin from the exampleswith
non-matchindabels.

e TheKernekNN rule, which usesthe empiricalkernel
maps! astrainingdataandperformsk-NN classiPca-
tion onthis datausingthe Euclideandistancemetric.

e The KMLCC (kernel version of metric learning by
collapsing classes)method proposedby Globerson
andRoweis (2006), which learnsa Mahalanobidis-
tancemetricin the kernelspaceby trying to collapse
all examplesin the sameclassto a single point while
pushingexamplesin otherclassesnbnitelyfar avay.

e TheKLMCA (kernelversionof large maigin compo-
nentanalysis)methodproposedy TorresaniandLee
(2007),which is a non-comwex, kernelizedversionof
LMNN.

Four benchmarkdatasetsrom the UCI machinelearning
repositorywere consideredor experimentation.Sincethe
proposedmethodand KMLCC solve an SDP that scales
poorly with n, we did not considerlarge problem sizes
for experimentatiort? The resultsshavn in Table 1 are

KerneFNN is computedasfollows. For eachtraining point,
X, the empirical map w.rt.  {X;}}-; debnedas k™i :=
(R(X1,X2), .00y A(Xn, X)) T is computed Then, {k* 1}, is
consideredo bethetraining setfor the NN classibcatiorof em-
pirical mapsof thetestdatausingthe Euclideandistancemetric.

12To extendKCR to largedatasetspnecanrepresent in terms
of {c. }, whichleadsto anon-cowex programasin KLMCA.

the averageperformancever 20 randomsplits of the data
with 50% for training,20% for validationand30% for test-
ing. The Gaussiarkernel, &(z, y) = e~vl==vl> wasused
for the kernel-basednethods,i.e., KernetNN, KMLCC,
KLMCA and KCR. The parameters) and A (only v for
KernekNN) were set with cross-alidation by searching
overv € {21}*, and\ € {10°} ;. While testing,KCR
usestherule in Eq. (2), whereaghe k-NN rule wasused
for all the other methods'® It is clearfrom Table 1 that
KCR almostalways performsas well as or signibcantly
betterthanall othermethods However, onthetiming front
(which we do not reporthere), KLMCA, which solvesa
non-cowex programfor n - d variablesjs muchfasterthan
KMLCC andKCR, which solve SDPsinvolving n? vari-
ables. The role of empirical kernel mapsis not clear as
thereis no consistentbehaior betweenthe performance
accurag achiesedwith k-NN andKernebNN.

KMLCC, KLMCA, andKCR learnthe Mahalanobigdis-
tancemetric in R™ which makesit difbcult to visualize
the classseparabilityachieved by thesemethods. To vi-
sually appreciateheir behaior, we generated synthetic
two dimensionadatasebdf 3 classewith eachclassbeing
sampledirom a Gaussiardistribution with differentmean
and covariance. Figure 1(a) shaws this datasetwherethe
threeclassesare shavn in differentcolors. Using this as
trainingdata distancemetricswerelearnedusingKkMLCC,
KLMCA andKCR.If ! isthelearnedmetric,thenthetwo
dimensionaprojectionof x € R™ is obtainedasz = Lz
whereL = (vVAiuq, vAu2)T, with! =" \u,u?,
and\; > Ao > ---\,. Figurel(b-d)shawv the two di-

BAlthough KCR, LMNN, and KMLCC solve SDPsto com-
putethe optimal distancemetric, KCR hasfewer numberof pa-
rametersto be tunedcomparedo theseother methods. LMNN
requirescross-alidation over k (in k-NN) and the regulariza-
tion parametenlongwith the knowledgeabouttarget neighbors.
KMLCC requirescross-alidationover k, the kernel parameter
% and the regularizationparameter In KCR, we only needto
cross-alidateover %and&. In addition,if X = R” andf is
a linear kernel,thenKCR only requirescross-alidation over &
while computingthe optimalMahalanobiglistancemetric.
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Figure 1. Datasetvisualizationresultsof k-NN, KMLCC, KLMCA andKCR appliedto a two-dimensionakyntheticdatasebf three
classesvith eachclassbeingmodeledasa Gaussian(a,a) denotetwo independentandomdraws from this distribution whereagb-d,
b'-d") representhe two-dimensionaprojectionsof thesedatausingthe metriclearnedfrom KMLCC, KLMCA andKCR. The points
in bold representhe misclassibegboints. It is interestingto notethat KLMCA andKCR generateompletelydifferentembeddingut

have similar errorrates.See§5 for moredetails.

mensionalprojectionsof the training setusing KMLCC,
KLMCA and KCR. The projectedpoints were classibed
usingk-NN if I wasobtainedrom KMLCC/KLMCA and
usingEg. (2) if ! wasobtainedfrom KCR. The misclas-
sibedpointsareshavn in bold. Sincethe classibcations
doneon the training points,onewould expectbettererror
rate and separabilitybetweenthe classes. To understand
the generalizatiorperformancea new datasampleshavn
in Figure 1(d) was generatedrom the samedistribution
asthetraining set. Thelearned! wasusedto obtainthe
two dimensionaprojectionsof the new datasamplewhich
areshowvn in Figure1(b'-d’). It is interestingto notethat
KLMCA and KCR generatecompletelydifferent projec-
tionsbut have similar errorrates.

6. RelatedWork

We brielRy review somerelevantwork andpoint out simi-
larities and differenceswith our method. In our work, we
have addressethe problemof extendingkernelclassibca-
tion rulesto arbitrarymetric spacedy learninganembed-
dingfunctionthatembedslatainto a Euclidearspacewhile
minimizing an upperboundon the resubstitutiorestimate
of theerrorprobability The methodthatis closestn spirit
(kernelrules)to oursis therecentwork by Weinbegerand
Tesauro(2007) who learn a Mahalanobisdistancemetric
for kernel regressionestimatesby minimizing the leave-
one-outquadraticregressiorerror of thetraining set. With
the problembeingnon-comvex, they resortto gradientde-

scenttechniquesExceptfor thiswork, we arenot awareof
ary methodrelatedto kernelrulesin thecontext of distance
metriclearningor learningthe bandwidthof thekernel.

Therehasbeenlot of work in the areaof distancemetric
learningfor £-NN classibcationsomeof which arebriel3y
discussedn §5. The centralideain all thesemethods
is that similarly labeledexamplesshouldclustertogether
andbefaraway from differentlylabeledexamples Shale/-
Shwartz et al. (2004) proposedan online algorithm for
learninga Mahalanobislistancemetricwith the constraint
thatary training exampleis closerto all the examplesthat
shareits labelthanto ary otherexampleof differentlabel.
In addition,exampledrom differentclassesreconstrained
to beseparatedby alargemamgin. ThoughShale-Shwartz
etal. (2004)do notsolve this asa batchoptimizationprob-
lem, it canbe shawvn thatit reducego an SDP (after rank
relaxation)andis in factthe sameasEq. (9) exceptfor the
outer[.]; functionandtheconstraintt”11 = 0.

7. Concluding Remarks

In thispapertwo questionselatedto thesmoothingkernel-
basedclassibcationrule have beenaddressedOneis re-
lated to learningthe bandwidthof the smoothingkernel,
while the otheris to extendingthe classibcatiomule to ar-

bitrary domains.We jointly addressethemby learninga
functionin areproducingkernelHilbert spacewhile mini-

mizing anupperboundontheresubstitutiorestimateof the
error probability of the kernelrule. For a particularchoice
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of thesmoothingkernel,calledthenade kernel,we shaved

thattheresultingrule is relatedto the k-NN rule. Because
of this relation,the kernelrule wascomparedo £-NN and

its state-of-the-artlistancemetriclearningalgorithmson a

supervisectlassibcatiotaskandwasshowvn to have com-

parableperformanceo thesemethods. In the future, we

would like to develop sometheoreticalguarantee$or the

proposednethodalongwith extendingit to large-scaleap-

plications.

Appendix A. Proof of Theorem 1

We needthefollowing resultto prove Theoreml.
Lemmabs. LetH = {f : X — R} bean RKHSwith & :
X x X — R asits reproducingkernel. Let 6 : R” — R
bean arbitrary function. Thenead minimizerf € H of

0 ({f(@i) = Fl2)}ij=1) + A1 (10)
admitsa representatiorof theform f = > " | ¢;&(., z;),
whee {¢;}?; e Rand}_ !  ¢; =0.

Proof. The proof follows the generalizedepresentethe-
orem (Schelkopf et al., 2001, Theorem 4).  Since
f e H, flz) = (f,R(,z))n. Therefore,the argu-
mentsof ¢ in Eq. (10) are of the form {(f, &(.,x;) —

R(,zi))n}i=1- We decomposef = f| + fo
so that f; e span({&(.,z;) — R(,z;)}};—,) and
(fi,R(,x;) — R(,z;))n = 0,Vi,j € [n]. So, f =

Do i (R @) — R, 25)) + fL where{ag;} ) €
R. Therefore f(z;) — f(z;) = (f, R(., z:i) — R(., z;))n =
(fis 8Com) = R @) )m = 20, et Qpm (B2, 2p) —
R(zj,zp) — R(zi,zm) + R(xj,2m)). Now, consider
the penalty functional, (f, f)». Forall fi, (f,f)n =
B+ 0B = IS0y g (RC@i) — ()3
Thusfor ary bxed o;; € R, Eq. (10) is minimized for
f1 = 0. Therefore,the minimizer of Eq. (10) hasthe
form f = szzl a;;(R(.,z;) — R(.,z;)), which is pa-
rameterizecby n> parametersf {a;;}7,_,. By simple
algebra, f reducesto f = Y7 | ¢;R(.,x;), Wwhere¢; =
Z;‘Lzl(aij — Oéji) satisbei'?:l c; = 0. O

We arenow readyto prove Theoreml.

Proof of Theoem 1. The amuments of 6 in
Eq. (6) are of the form |o(X;) — ©(X;)|l2. Consider
le(X) = ()13 = Sinan (pm(X0) — @m(X)))* =
S (P B (o Xi) — B, Xj))20,,)°. The penal-
izerin Eq.(6) reducesgo ||||% = Zi@:l lomll7,, - There-
fore, applyingLemmab to eachy,,,, m € [d] provesthe
result. O
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